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Maximum Randi¢ index on trees with k-pendant vertices
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The Randi¢ index of an organic molecule whose molecular graph is G is the sum of
the weights (d(u)d(v))_l/2 of all edges uv of G, where d(u) and d(v) are the degrees
of the vertices u and v in G. Let T be a tree with n vertices and k pendant vertices. In
this paper, we give a sharp upper bound on Randi¢ index of 7.
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1. Introduction and notations

Mathematical descriptors of molecular structure, such as various topolog-
ical indices, have been widely used in structure-property-activity studies (see [5,
6, 12]). Among the numerous topological indices considered in chemical graph
theory, only a few have been found noteworthy in practical application (see [10]).
One of these is the connectivity index or Randi¢ index. The Randi¢ index of an
organic molecule whose molecular graph is G is defined (see [2,11]) as

R(G) =D (dwydw)~ "2,

u,v

where d(u) denotes the degree of the vertex u of the molecular graph G, the
summation goes over all pairs of adjacent vertices of G. In Randi¢’s study of
alkanes: he showed that if alkanes are ordered so that their R(G)-value decrease
then the extent of their branching should increase. (More details on the concept
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of branching and on ordering of alkanes with respect to other topological indi-
ces can be found in a recent study by Balaban et al. in [1]). In this paper, we are
interested in the Randi¢ index for trees. First we introduce some graph notations
used in this paper and provide a survey of some known results.

We only consider trees here. For a vertex x of a tree T, we denote the neighbor-
hood and the degree of x by N7 (x) and dr (x), respectively. The maximum degree of
T is denoted by A(T). We will use T — xy to denote the graph that arises from T
by deleting the edge xy € E(T). Let Py = vgv; --- vs be a path of T with d(vy) =
<o = d(g—1) = 2 (unless s = 1). If d(vg) = 1 and d(vs) > 3, then we call Py a
pendant chain of T and we also call that s the length of the pendant chain Ps.

Let T be a tree of order n. In [13], Yu gave a sharp upper bound of R(T) <
n+2v2-3

I%l [9,14], trees with small and large Randi¢ index are considered. In [7], Liu
et al. gave the sharp lower bound on Randi¢ index of trees with n vertices and k
pendant vertices, 3 < k < n — 2. Other results about Randi¢ index on Trees can
be found in [3,4,8]. Here, we consider a tree T that has n vertices and k pendant
vertices, and give sharp upper bound of R(T).

Note that if Xk = 2, then T is a path, and hence R(T) = % On the
other hand, if k =n — 1, then T is a star, and hence R(T) = +/(n — 1). Therefore
in the following result, we always assume that 3 < k <n — 2, and then n > 5.

Let 7,4 ={T : T is a tree with n vertices and k pendant vertices, 3 < k <
n — 2}. Denote

Vi(G) ={v:v e V(G),ds(v) =i}, ni(G) = |Vi(G)],

E>y(G) ={e:e=uv € E(G),d(u) =d(v) =2} and P(T) = {P : P is a pendant
chain of the tree T}.

We call T a (k, 3)-regular tree if T is a tree with k-pendent vertices and
for any vertex v in V(T)\V|(T), dr(v) = 3 (see figure 1). It is easy to see that
|V(T)| =2k — 2.

Ly

Figure 1. (8, 3)-regular trees.
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Let 7, = {T : T is obtained from a (k, 3)-regular tree by adding at
least one new vertex on each pendant edge, and total number of new vertices is
n — 2k + 2} (see figure 2).

2. Definitions

Now we define three kinds of operations of T € 7, «.

(1) If e = uv is an edge of T and T’ is obtained from 7 by contracting uv,
i.e., identifying vertices u and v in T — uv, we say that 7’ is obtained
from T by operation I and denote T'=T,,. Clearly, |V (T,,)| = |V(T)|—
1, and [E(Ty)| = |E(T)| — L.

(ii) Let N7(v) = V/'UV” such that V' NV" =@, |V/|=s1 > 1 and |V"| =
sy = 1, where v € V(T). If T’ is obtained from T by using tow new
vertices v’ and v” instead of the vertex v, connecting v’ and v”, and
connecting v’ to each vertex in V' and v” to each vertex in V", we say
that 7’ is obtained from 7 by operation II and denote 7" = Ty, (s, s,)-
Thus |V(Ty— 5.5 = V(D) + 1, and |E(Ty—(5,,50)| = |E(T)| + 1.

(iii) If v € V(T') with d(v) =s >3 and T” is obtained form T by a (s, 3)-
regular tree T’ instead of the vertex v such that each vertex in N7 (v)
and each pendant of T’ is identified one by one, we say that T” is
obtained from T by operation III and denote 7" = T\, 3_reg). Thus
|V(Tv—>(3—reg))| = |V(T)| +5— 3’ and IE(TU—>(3—reg))| = |E(T)| +s5—3.

Let T be a Tree. Then Ty, Ty—s 3—reg), Tv—(2,4) are illustrated in figure 3.

3. Useful formulas

In this section, we will give some useful formulas. Let 7 € 7, ;. Then
k=n3(T) + 2n4(T) + -+ - + (A = 2)na(T) + 2. (1
If T is a tree and e = uv € E»(T), then
R(T) = R(Ty) = 3. (2)
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Figure 3. Three kinds of operations.

Denote Rr(v) = > If v e V(T) with d(v) =s > 3, then

1
wWeNT (V) /dr(w)"

1 1 1
RO =R t00) = = =G D (\/dT(v) N 1) Ry ()
! («/d;(v) B ¢s21+ 1) Ko O ©
Particularly, if s; = s>, then
R(T) — R(Ty—(5,.51)) = L + ( Lo ) Ry (v). “4)
s1+1 Vdr(v)  s1+ 1
If ve V(T) with d(v) =s > 3, then
R(T) — R(Ty— (3-reg)) = it + ( L L) Rr(v). (%)
3 Vdr@w) V3

4. Lemmas

We will give some lemmas in this section which will be used in the proofs
of our main results.

Lemma 1. Suppose T € 7,4, v € V(T) with d(v) = 2 and the degrees of the
vertices adjacent to v are at least 2. Then there is a tree T € 7, such that
R(T) < R(T).

Proof.  Suppose Nr(v) = {u, w}, where v € V(T) with dr(v) = 2 and dr(u) >
2,dr(w) > 2. Let x be a pendant vertex of 7 and y its neighbor. Let T be
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obtained from 7, by adding an edge to the vertex x. Then T e Tak- Note that
dr (), dr(w), dr(y) = 2, we have

1 1

R(T) — R(T) = + +
@™ @™ V2rw)  2dr(w)  Jdr(y)
1 1 1

T Jdrwdrw)  dr(y) V2
~(ats - 3) (- 2te)
- \\Vdr () 2

(\sz_l)( N dT(y)

Therefore R(T) < R(T). o

+

N
o

Lemma 2. Suppose T € 7, x. If n > 3k —2 and E>(T) € E(P(T)), then

|Ex(T)| 2 na(T) + 2ns5(T) + -+ + (A = 3)na(T). (6)

Proof. Note that [E(T) — E(P(T))] = (13 +na + -+ +na — 1). By Ex(T) ©
E(P(T)), each pendant chain has at most two edge which are not in E»(T). So,

|Ex(T)| =2 (n(T) — 1) = 2n(T) — (n3(T) + na(T) + - - - +na(T) — 1).

By formula (1) and noting 3n; —2=3k—2<n=n1+---+na, (6) holds. o

Lemma 3. Suppose T€7, x, v € V(T) with dr(v)=s> 3, Nr(v) = {u1, uz, ..., us}
and dr(uy) < dr(uz) < --- < dr(ug). If [Ex(T)| > s — 3, then there is a tree
T € T, such that the following statements are hold.

(i) If d7(us—1) < 3 and dr(v) > 6, then R(T) < R(T).
(i) If dr(us_1) <4 and d7(v) > 10, then R(T) < R(T).
(iii) If d7(us—1) < 5 and dr(v) > 16, then R(T) < R(T).

Proof. Let T’ be obtained from T by contracting s —3 edges in E»(T) and T =

Tv’_>(3 reg)” Then T € Ta.k. Denote dr(us_1) = r. By formulas (2) and (5), we

have

— -3
R(T) — R(T) = ST + (—s — _) Rr(v)

oy



166 L.-Z. Zhang et al. IMaximum Randi¢ index on trees with k-pendant vertices

Let

_s—3 1 I \s—1
ren =+ (5 7) 7

We consider some partial derivatives. Since

af(r,s) (L_L)s—l 0
o\ 3l

we have f(r,s) is monotonously increasing in r. On the other hand,

af(r,s) 1 1+1 1+1)
s 6 VI 2/r\VUs3 s
and
2
af(rs):_l(3+1)<0
TN AWV
af(r,s) . ..
Thus s is monotonously decreasing in s.

N
(1) Since f(r,s) is monotonously increasing in r and r < 3, we have that
R(T) — R(T) < f(3,5).
By af (r,s)

have

being monotonously decreasing in s, s > 7, and ls=7 < 0, we

af (3, s)
s

R(T)—R(T) < f(3,s) < f(3,7) < 0.

Now, we consider the case r < 3 and s=6. Let 7" be obtained from 7' by
contracting an edge in E; and T =T, 3.3)" Then T € 7, ;. By formula (2) and

4),

R(T) — R(T) =

(fr f) Kr(w)

1
4
()
Thus, (i) holds.

(i1) Since f(r,s) is monotonously increasing in r and r < 4, we have that

o-lklv—‘l\)l'—*

A

R(T) — R(T) < f(4,s).
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9 af (4
By IAGT) being monotonously decreasing in s,s > 10, and f (@, ) ls=10 < O,
we have
R(T) — R(T) < f(4,s) < f(4,10) < 0.
Thus (ii) holds.
(iii) By the same argument as (ii), we easily have (iii) holds. m]

Lemma 4. Suppose T€7, x,v € V(T) with dr(v) =s >3, N(v) ={uy, ua, ..., us}
and dr(uy) < dr(up) < -+ < dr(ug). If dr(ug—y) <3 and |Ex(T)| > s — 3, then
there is a tree T € 7, x such that the following statements are hold.

(i) If s =4 and dr(us) < 5 then R(T) < R(T).
(i) If s = 5 and dr(us) < 15 then R(T) < R(T).

Proof. Let the tree T’ be obtained from T by contracting s —3 edges in E, and

T = Tv/_>(3_reg). Then T € 7, . By formula (4), we have

R 1 1
R(T) — R(T) = —— +( )RT(v)

R P
ir*(ﬁ_ﬁ)(ﬁWW)

The last inequality holds when s = 4, dr(uq) <5 or s =5, dr(us) < 15.
Therefore the statements (i) and (ii) are proved. ]

Lemma 5. Let T€7, x with E»(T)+ @, and e=uv a pendant edge with dr(u) =
r>3and dr(v) = 1. If T € 7,4 is obtained from 7" by contracting an edge in
E>(T) and adding an edge to the pendant vertex v, then R(T) > R(T).

Proof. Obviously, uv ¢ E>(T). It is not difficult to check that

— 1 1 1 1
KO- RO=3* " 7=
(S (%)
(D) (=
<0

The last inequality holds by dr(u) > 3. Therefore R(T) > R(T). ]
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5. Main results

Denote Rmax(7nx) = max{R(T) : T € 7,x}. Then we have the following
main result.

Theorem 1. For any 7 € 7, with n > 3k — 2 and k > 3,

(3f 246 — Dk
2 6

Moreover, the equality holds if and only if T € 7%,

R(T) <

Proof. 1t is easy to see that if T € 7%, then

(3f+«f Dk
2 6

Hence we just need to show that if T€7, (n >3k —2,k > 3), and R(T) =
Ruax(Zy k), then T € T,

By contradiction. Suppose T € Ty and R(T) = Rmax(Zn.x). By the proof
of lemma 1, we can assume, without lost of generality, that all vertices of 7" with
degree 2 are on pendant chains. Thus E>(T) C E(P(T)). Since k > 3, A(T) > 3.

We first show that A(T) = 3. Assume that A(T) > 4. By lemma 2, we have

R(T) =

that
|E2(T)| =2 ng(T) +2ns(T) + -+ -+ (A =3)na(T) 2 A -3 > 1.
Let ug € V(T') with d(ug) = A > 4. Denote
={P|P =uq---u; with d(u;) > 4}.

Choose P = uguy---u; in Q such that the length of P as large as possible. By
lemmas 3(i), 4, . and R(T) = Rmax(7y.x), we have that r > 1.

Denote Nr(ut D=N71 W )\{u; 2} if t =2, 0therw1se NT(u, D=Nru,_1).
Clearly, u; € NT(u, 1.

Claim 1. For any x € NT(u, D,dr(x) < 4 and |{x|x € NT(u; 1) and d(x) =
4} > 1.

Proof of claim 1. For any x € ﬁ;(ut_l), denote N7(x) = {vy,v2,..., v} and
dr(vy) < dr(vp) < --- < dr(vy). By the choice of P, we have dy(vs_1) < 3 and
vy = u;_1. From lemma 3(i), we obtain dr(x) < 5. By lemma 3(iii), we obtain
dr(u,—1) < 15. Finally, by lemma 4(ii), dr(x) # 5. Therefore dr(x) < 4. Since
d(u;)>4 and u; € Ny (u,_1), we have d(u;)=4. Thus |{x|x € Nr(u,—;) and d(x) =
4} > 1.
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Claim 2. d7(u;_1) = 6.

Proof of claim 2. By claim 1, for any x € Nr(u—1), dr(x) < 4. By lemma 3(ii)
and R(T) = Rmax (7 k), we have d(u;—1) <9, and then by lemma 4(i) and claim
1, dr(u;—1) > 6. Hence 6 < dr(u;—1) <9. Denote dr(u;—1) =r and Ny(u;_1) =
{wi, wa, ..., w,}. Let T’ be obtained by contracting one edge in E>(7T) and T =
T, 3,3 Then T € T, x. By formulas (2) and (3),

R(T) — R(T)
30 () (e e )
T2 4<r—2) 7 va) U@y | Vi | Jarws
1 1 1
+ S T —
( 2) (\/dT(w4) Vdr(ws) vdT(wr))
1 1
v wms G Ba

+(ﬁ JT) f4

By an elementary calculation, we have

\

001, if r=7,
R(T)— R(T) < { —0.03, if r=8,
—0.05, if r=09.

So R(T) < R(T) when 7 < dr(u;—;) < 9, a contradiction. Therefore,
dr(u;—1) = 6.

Suppose dr(wi) < --- < dr(wg). By claim 1 and the choice of P, we have
that d(w;) <4 (1 <i <5) and for any y € Np(w;)(1 <i < 95),dr(y) < 3. By
claim 1, we can assume that dT(wp+1) = = dr(ws) = 4, where 0 < p < 4.
Then dr(wy) < --- <dr(wp) < 3 if p 1 and n4(T) =2 5— p. By lemma 2 we
have that |E2(T)| ng +3ng > 8 —

Let T be obtained from T by contracting an edge in E»>(T) and splitting
the vertex u; in to (3, 3). Then 71 € 7,,x and |E>(T1)| > 7 — p. By (2) and (4),

R(T)—R(T1)=%— (\;— f) Ry (v)
S )

Now let 7 be obtained from 7; by contracting 5 — p edges in Ex(T1)
and splitting the vertices w41, ..., ws into (2,2), respectively. Then T is in 7, x
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Combining (2) and (4), we have that

_5- 1 1
R(T) — R(T) = Tp + (ﬁ — ﬁ) (Rry (wp41) + Ry (wpi2) + -+ + Ry, (ws))
5—p

(B ).

Note that 0 < p < 4, we have that

R(T) — R(T) = (R(T) — R(TY)) + (R(T1) — R(T))
<l+(L_1)(1+5—_P)
4 \Ve 2)\V3 V4
5—p L_L)(3(5—p) 5—p)
K +(¢z BITA T
_SV6+20V3-47  (10+2V2-6V3 - Vo)p

12 12
< —0.009 — 0.0012p

<0,

a contradiction. Thus we have A = 3.

Now, we will show that n,(T) > k. By (1), we have n3(T) = k — 2. On the
other hand, we have n(T) 4 2ny(T) + 3n3(T) = 2(n — 1). Noting that n;(t) =k
and n > 3k — 2, we easily have ny(T) > k. By lemma 5, we have that the length
of each pendant chains of T are at least tow. Thus T € 7%, and the proof of
theorem 1 is complete. o
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